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Abstract Circumferential upstream propagation of a premixed flame in a region con-
fined between two concentric tubes is considered. The cold flow in this configuration
features rotational motion and the flame is modelled as an interface separating the burned
and unburned gases. Through an analytical solution of the integral form of the governing
equations, it is shown that the static pressure increases across the flame. Hence, the circum-
ferential propagation of the flame is associated with the generation of an adverse pressure
gradient. The theoretical prediction of the pressure increase is, further, supported by the
experimental observations and discussed in the context of the theory of flame back pressure.
The results extend the recent findings on the generation of adverse pressure gradient during
the axial propagation of swirling flames, to the circumferential direction. It is argued that
the demonstrated pressure gain across the flame can significantly facilitate flame flashback.
Keywords Flame flashback · Premixed swirling flames · Circumferential propagation ·
Adverse pressure gradient
1 Introduction
Achieving major reductions in CO2 emission, simultaneous with low NOx and other air
pollutants, is a substantial challenge facing the power generation sector [1, 2]. Utilising
lean premixed combustion and replacing conventional fuels with syngas [2, 3] or, mixtures
of hydrogen and gaseous hydrocarbons [4, 5], are amongst the main means of addressing
this challenge. As these mixtures can vary significantly in chemical composition [3], the
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future combustion systems should be highly fuel flexible [2]. This, in turn, introduces fur-
ther difficulties [2, 6]. Variations in fuel properties can cause operational problems such as
thermoacoustic instabilities [7] and flame flashback [6]. The latter is, particularly, problem-
atic in premixed combustion of hydrogen containing fuels [8–10]. In principle, the problem
is due to the high reactivity of hydrogen and subsequently higher flame speed of hydro-
gen blends compared to those of conventional fuels [4, 11]. Currently, flame flashback is
considered as one of the most significant technical barriers that hinder the development of
hydrogen combustion systems [2, 6].
Flashback of a premixed flame is usually defined as the undesirable propagation of the
reactive front towards the upstream flow. Occurrence of flame flashback can result in the
stabilisation of the flame in the upstream section of the burner [10, 11]. Flame flashback
can, therefore, severely damage the burner and interrupt the operation and hence, should be
avoided. Due to the practical significance of this problem, there exists a large number of
studies on determining the flashback limits of various burners under different air and fuel
conditions, see for example [12–14]. However, investigations of the underlying physics of
flame flashback are less frequent. An early physical mechanism of flame flashback was pro-
posed by Lewis and von Elbe [15]. They correlated this phenomenon to the flow retardation
in the boundary layer and quenching of the reaction zone by losing heat to the wall. This
classical view remained as the only explanation of flame flashback in boundary layers for a
long time.
In recent years, the problem of flashback in boundary layer has been revisited by a num-
ber of authors [16–21]. Theoretical and experimental studies of Kurdyumov et al. [16, 17]
in laminar reactive boundary layers advanced the findings of Lewis and Von Elbe. These
authors [16, 17] calculated a critical condition for the flashback of a laminar flame on
the basis of asymptotic consideration and single step chemistry. Eicher and Sattelmayer
conducted a combined experimental and numerical investigation on a turbulent reactive
boundary layer subject to an adverse pressure gradient [18]. They reported substantially
different values of the critical velocity gradient compared to those predicted by the the-
ory of Lewis and von Elbe [15]. Eicher and Sattelmayer [18] attributed this distinction
to the influence of adverse pressure gradient upon the boundary layer. These authors,
further, investigated the wall flashback of methane and hydrogen flames in laminar and
turbulent flames using micro-PIV [19]. They reported highly curved upstream propagat-
ing fronts, which featured complex dynamics, and observed regions of backflow and static
pressure gain in front of the flashbacking flame [19]. In a separate work, the same group
of authors [20], investigated the flashback of an open flame into the upstream duct. They
considered two cases, in which the flame was initially completely out of the upstream
duct or, it was situated slightly inside the duct [20]. It was found that the critical veloc-
ity gradient in these two cases were substantially different [20]. These distinctions were
attributed to a number of effects including differences in the pressure fields near the reac-
tive region and details of the duct configuration [20]. In all these investigations, the pressure
changes in the reactive region were of order of tens of Pascal. Nonetheless, these works
[18–20] clearly demonstrated the significant influences of the pressure field on the flame
flashback.
Boundary layer flashback of turbulent hydrogen flames has been, recently, subject to
DNS studies by Gruber et al. [21]. These authors used detailed chemistry and showed
that the leading edge of the propagating reactive front is always very close to the wall
and includes significant wrinkles. Back flow pockets and small variations in the cold flow
pressure were observed in the vicinity of these wrinkles [21]. It was argued that a hydro-
dynamic stability (of Darrieus-Landau type) is responsible for this behaviour [21]. On the
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basis of their findings, Gruber et al. [21] considered Lewis and von Elbe criterion [15] to be
inadequate for the evaluation of flashback in turbulent boundary layers.
Swirling flows are widely used in gas turbines and industrial burners; as a result there has
been a particular interest in this flow configuration [22–24]. Flashback in swirling reactive
flows is expected to be in close connection with the subject of flame propagation in vortices.
It is known that propagation of premixed flames in vortices can be significantly faster than
that in non-rotating flows [25, 26]. In his review article, Ishizuka [27] discusses different
mechanisms of this enhancement of flame propagation. In particular, Ishizuka [27] high-
lights the mechanism of “flame back pressure” which involves a boosted flame propagation
supported by an aerodynamic force. This mechanism can be, simply, explained as follows.
The combustion products, downstream of the flame, feature a lower density compared to the
upstream unburned gases. As a result the negative centrifugal forces in the burned region,
are weaker in comparison with those in the upstream unburned flow. Hence, the low pres-
sure generated by the rotation of the flow is partially suppressed, which causes a rise in the
static pressure across the reactive front [27, 28]. This is clearly distinctive with the situation
encountered in the non-rotating deflagration waves, in which there is always a drop of static
pressure across the flame [29]. In these cases, the decrease of pressure is because of the
conversion of static pressure to the flow momentum downstream of a non-rotating premixed
front. However, in swirling flames flow, the rotation along with the significant change in the
gas density across the flame generates an aerodynamic force [27, 28]. Ishizuka quantified
this pressure by the following relation [27]
P = ρuV 2θmax
[
1 −
(
ρb
ρu
)]
(1)
In Eq. 1 P , V and ρ are respectively pressure (Pa), velocity (m/s) and density (kg/m3).
Further, indices b, u and θ refer to the burned, unburned and tangential components. Con-
version of this pressure difference to flow velocity can significantly increase the flame
displacement velocity and cause a flashback [28]. It is noted from Eq. 1 that, similar to
the pressure differences discussed by Eichler and Sattelmayer [18–20], in typical swirling
flames back pressure has a small value and is limited to tens of Pascals. It is, further,
noted that a number of studies developed correlations between the flame propagation speed
in swirling flows and the maximum circumferential velocity and, density ratio across the
flame [28, 30–32]. Some of these correlations have been subject to experimental validations
[28]. However, these studies are quite limited and modifications of flame speed due to the
tangential motion of the flow remain largely unexplored.
Aerodynamic flame stabilisation is frequently employed in gas turbines and industrial
combustors. Flame is stabilised by rotation of the reactants and generation of a recirculat-
ing bubble through the phenomenon of vortex breakdown [33]. The occurrence of vortex
breakdown, results in the development of a region of low or negative velocity (i.e. a recircu-
lation zone) along the centreline of the rotating flow [33]. This can then stabilise the flame.
Despite the large number of studies on vortex breakdown, see [33–35] for reviews of lit-
erature, a comprehensive explanation of the phenomenon is yet to emerge [33]. It is well
known that there are certain flow features with significant influences on the occurrence of
vortex breakdown. Amongst them are the existence of an adverse pressure gradient and sud-
den expansions in the flow. As most swirling flames may include these features, analogies
were proposed between vortex breakdown in isothermal flows and enhanced flame propa-
gation in vortex tubes [36]. In these flows, a high pressure point along the axis of rotation
brings the fluid to rest which is, subsequently, followed by the formation of a recirculation
zone [36].
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Vortex breakdown in reactive flows has been investigated in a number of works [36–42].
In an experimental and theoretical work Fritz et al. [36] studied the flashback of a flame
purely stabilised by vortex breakdown. These authors demonstrated that the swirling flow
field breaks down prior to flashback and therefore encourages upstream propagation of the
flame [36]. In comparison with the corresponding isothermal flow, the breakdown point
in the combusting flow was located further upstream. Fritz et al. [36] observed that this
behaviour is heavily dependent on the configuration of the combustor and a small design
change could result in flashback prevention. Hence, a reactive flow can foster the occurrence
of vortex breakdown in comparison with its non-reactive counterpart. This was explained
as the consequence of pressure changes in the upstream flow induced by the flame heat
release [36], but it remained a phenomenological argument without experimentally evalu-
ation. This mechanism was then termed Combustion Induced Vortex Breakdown (CIVB)
[36]. In CIVB flame flashback, the flame front propagates upstream of a retarded or reversed
flow generated by vortex break down [36].
Experimental studies of Blesinger et al. [43] on swirling flames resulted in the identifi-
cation of another mechanism of flashback. This was regarded as turbulent burning on the
vortex axis (TBVA). Blesinger et al. [43] showed that during TBVA the recirculation zone
extends upstream into the mixing tube and turbulent quenching limits axial propagation of
the flame The vorticity transport equation applied to a swirling flame was later solved by
Kiesewetter et al. [39]. Their analysis showed that the baroclinic torque contributes most
significantly with the generation of negative axial velocity [39]. The validity of this analy-
sis was demonstrated by predicting the stability limits of the experiments of Fritz et al. [36].
Further experimental validation was provided by Konle et al. [38] by implementing high-
speed PIV and LIF techniques. Investigation of CIVB processes was, then, extended to the
interplays between turbulence and chemistry [40, 42]. It should be also noted that there exist
some numerical evidence indicated that flame stretch and heat release and also reorienta-
tion of vorticity filament could be of significance in CIVB [41, 44]. Later, the interactions
between the CIVB and boundary layer flashback, as two major flashback mechanisms were
experimentally studied [45]. It was shown that at low equivalence ratios, addition of a low
swirl could strengthen the axial flow in the wall region and improve the resistance of the
flow against flashback [45]. At higher equivalence ratios, however, the flashback suscep-
tibility increases significantly as the mechanism of combustion induced vortex breakdown
is activated. It was observed that once flame penetrates into the upstream tube, bending of
the streamlines towards the wall initiates the boundary layer flashback [45]. This then dom-
inates the flame upstream propagation [45]. More recently, the understanding gained from
the above studies on boundary layer, vortex break down and core flow flame flashback was
used to develop a flashback resistant hydrogen burner [46].
Flame flashback has been also investigated in more complex configurations which
include a central bluff-body in a swirling flow [44, 47, 48, 51]. Initial studies of Nauert
et al. [47] showed that there exists a critical swirl number above that the flame is desta-
bilised. Any further increase in swirl number can, then, result in flame flashback [47].
Detailed experimental investigation of Heeger et al. [48] demonstrated that the leading front
of the flashbacking flame propagates close to the surface of the bluff-body. Hegeer et al.
[48] showed that upstream propagation of the flame can be associated with a leading cold
flow spot with negative axial velocity. They hypothesised that the flame propagation in the
upstream tube generates an adverse pressure gradient, which subsequently causes bound-
ary layer separation on the surface of the bluff-body [48]. This facilitates the upstream
propagation of the reactive front and leads to flame flashback. Heeger et al. [48], however,
did not conduct any theoretical or experimental analysis on their hypothesis. Later, De and
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Acharya [49, 50] conducted large eddy simulations on the flashback of hydrogen enriched
premixed flames in a configuration mostly similar to that of Heeger et al. [48]. In keep-
ing with the measurement of Heeger et al. [48], the simulations of De and Acharya [49,
50] revealed the negative velocity spot ahead of the upstream propagating front. Impor-
tantly, De and Acharya [49] argued that a positive pressure difference is responsible for
the formation of a recirculation bubble ahead of the flashbacking flame. This is induced by
the combined effects of centrifugal forces and density jumps across the flame [49]. This
argument was, essentially, the same as that put forward by Heeger et al. [48] as a poten-
tial deriving mechanism of the flame flashback. Most recently, Karimi et al. [52] elaborated
on this idea through the extension of Ishizuka’s back pressure theory [27] to a configura-
tion similar to that used in the experiment of Heeger at al. [48]. Karimi et al. showed that
their calculated pressure difference across the flame was similar to the experimentally mea-
sured values [52]. They argued that this adverse pressure gradient could contribute with
the observed flame flashback [48] through separating the boundary layer, on the surface
of the bluff-body [52]. Importantly, other recent experimental and theoretical [18–20, 44]
and numerical [49] investigations have also highlighted the significance of adverse pressure
gradient upon flashback in boundary layers. Further, pressure changes can contribute with
the baroclinic torque, which is known as a key element in CIVB [39, 49, 50]. It follows
that the detection of all mechanisms of generating adverse pressure gradient is central to the
understanding of flame flashback in configurations involving swirling flows and a central
bluff-body.
Theoretical analyses of upstream propagation of swirling flames, so far, have solely
considered the axial motion of the flame and totally ignored the circumferential propa-
gation [27, 52]. Images of flame during flashback, however, indicate the existence of a
strong circumferential motion of the flame around the bluff-body [48, 51]. In principle,
the angular motion of the flame and the density difference across the flame can generate
a positive pressure gradient in the circumferential direction. However, currently there is no
systematic analysis of this mechanism. This paper, therefore, aims at addressing this issue
through a theoretical investigation. The outcomes are, subsequently, compared against the
experimental measurements.
It should be emphasised here that, as the preceding review of literature indicates, our
current understating of flame flashback is still far from being complete. Flame flashback is
a complex phenomenon which includes significant physicochemical and fluid mechanical
aspects. In addition to these, the phenomenon is highly transient and features complicated
dynamics. This makes numerical studies of flame flashback very challenging. High speed
diagnostics can provide useful information on flashbacking flames. Nonetheless, due to the
complexity of the problem interpretation of the experimental results is usually difficult.
These limitations signify the role of theoretical analyses in understanding of flame flash-
back. Expectedly, these studies require considerable simplifications and therefore can only
analyse a part of the problem. The purpose of the theoretical investigations is not to pro-
vide predictive models of flashback and they should not be deemed as a substitution for
high fidelity numerical simulations. They, rather, tend to develop a sound understanding of
certain physical mechanisms active in the process of flame flashback.
2 Experimental Analysis
Upstream flame propagation was experimentally investigated in an unconfined, swirling,
lean, premixed, bluff-body stabilised burner. The flame flashback in this setup occurs
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through a combined circumferential and axial motion against the cold flow. Schneider
et al. [51] provide comprehensive explanation of the employed setup. Further modifications
to enable detailed observation of the upstream flame propagation were made by Nauert
et al. [47]. Hence, in here only the essential features are briefly reviewed. Air and fuel (pure
methane) are mixed inside the plenum before entering the radial swirler and the exit nozzle.
The movable block design allowed variations in the geometric swirl number between 0 and
2 through rotating the movable block by a stepper motor. To provide optical access the exit
nozzle was made of quartz. For the test cases presented in here, the Reynolds number, on
the basis of hydraulic diameter of the nozzle, was 10,000 and the equivalence ratio was set
to 0.833. The onset of flashback was induced by increasing the swirl number as explained
by Nauert et al. [47]. Flame flashback occurred when the value of theoretical swirl number
approached one [47]. Piezo-resistive pressure transducers (Omegadyne Inc. PX 409) were
used to measure the pressure on the surface of the bluff-body. Remote location of the sen-
sors from the hot gas region was a prerequisite to prevent any damage. To accommodate the
pressure transducers and protect them from the hot flow, the bluff-body design was modi-
fied. A number of pressure measurement ports with the diameter of 1mm were built inside
the bluff-body. These were connected to pressure sensors by internal channels with equal
length of 300mm.
The total pressure measurement period was 1s and started shortly before flashback. High
speed imaging was performed simultaneously and showed that flame upstream propaga-
tion occurs in a small fraction of a second. This period was, therefore, enough to capture
the entire flashback event. The analogue signal produced by the microphone was digitised
and recorded by an oscilloscope (Tektronix) at 2MHz. Information about the global flame
position and structure were acquired by flame chemiluminescence (CL) imaging of elec-
tronically excited methylidyne, CH*, with a high speed CMOS camera (HSS5) at 5 kHz
frame rate. The imaging region was 60mm × 60mm to cover the whole transparent nozzle.
These measurements were taken with simultaneous and time correlated acquisition of the
pressure transducer signals.
Detailed analyses of the cold and reactive velocity fields of the configuration under inves-
tigation can be found in the Refs. [47, 48, 51] and are not repeated here. Further, Ref. [49]
provides the streamline patterns of a flashbacking flame in a configuration quite similar to
the current setup. Figure 2 shows the results of synchronised CL and single-port pressure
measurements during a flame flashback event. It is worth noting that the pressure traces
measured at other pressure ports on the bluff body (see Fig. 1) look quite similar to that
shown in Fig. 2. Image (a) in this sequence is recorded prior to flashback. In this figure
the precessing flame is still downstream of the location where the pressure is monitored.
In image (f) the flame already flashed back and has entered the upstream sections of the
burner. The pressure fluctuations are large and due to a thermoacoustic combustion insta-
bility of the resonance frequency of the entire nozzle assembly [51, 52]. It was shown,
previously, that this instability is a consequence of upstream flame propagation and there-
fore does not affect the process of flashback [52]. Image sequence (b) to (e) corresponds to
the duration that the reactive front passes across the pressure sensing location (every tenth
frame of chemiluminescence imaging shown). These images were selected out of hundreds
of images taken in this period. It is clear from the flame images in Fig. 2 that propagation of
the front is associated with an increase in the local static pressure. This is in keeping with
the previous experimental observations [52]. These images also highlight the significance
of the tangential propagation of the reactive front. Although a vertical upstream motion of
the flame does exist, Fig. 2b-e clearly show a strong circumferential motion of the flame
during the flashback event.
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Fig. 1 Schematic of the premixed swirl burner
3 Theoretical Analysis
Figure 3 schematically shows the theoretical problem under investigation. The flow system
includes a tube with a central bluff-body fully filled by a Rankin vortex, while the axial
velocity is set to zero. The analysis assumes that there exists a laminar flame propagat-
ing against the mean rotating flow. A control volume approach is taken and the governing
equations are solved in their integral form. Clearly, this analysis is limited to the durations
shorter than that required for a complete rotation of the flame around the bluff-body. The
current study aims at understanding the mechanisms responsible for developing an adverse
pressure gradient across the flame in the setup shown in Fig. 3. It is noted that this is a rather
idealised configuration and in reality flame propagation will be more involved. However,
the current setting provides a proper basis for the analysis of the pressure differences across
a rotating flame in isolation from all other complicating effects. The theoretical results are,
therefore, not meant to be quantitatively accurate and only indicate the overall qualitative
trends.
Fig. 2 Pressure trace prior to a, during b-e, and after flashback f. The location of pressure recording is
marked by the red circle (upper row)
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Fig. 3 Schematic view of the problem
3.1 Governing equations and assumptions
The following assumptions are made throughout the proceeding analysis.
• Flow is inviscid and, the circumferential velocities in the burned and unburned regions
are uniform and follow a classical Rankin vortex model.
• Axial flow velocity is globally zero and the gravitational effects are ignored.
• Flame is laminar and premixed and has zero thickness.
• The control volume containing the flame (see Fig. 4) is rotating with the flame at a
constant rotational speed (steady flame rotation).
• Burning only occurs in the forced vortex region of the flow, and the entire volume
between the forced vortex core and the walls of the cylinder is filled by the free vortex.
• The flame is completing its first rotation around the bluff-body.
A sector of the flow under investigation, including the burned and unburned regions, has
been shown in Fig. 4. The employed symbols have been defined in the nomenclature.
The conservation of mass and radial momentum for a non-deformable control volume
rotating at constant angular velocity are respectively written as∫ ∫
ρ(Vr · nˆ)dA = 0 (2)
Fig. 4 The control volume
including the flame (red), forced
vortex (grey) and free vortex
(white)
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and
dP
dr
= ρV
2
θ
r
+ 22f r (3)
Further, in this rotating coordinate Bernoulli equation can be written for the streamline
located on the internal wall of the cylinder (r = R). That is
Pu(R) +
ρuV
2
θR
2
∣∣∣∣∣
u
= Pb(R) +
ρuV
2
θR
2
∣∣∣∣∣
b
, (4)
where VθR is defined as
VθR = Vθ − r, (5)
and subscripts ‘u’ and ‘b’ are the unburned and burned regions respectively and R is the
internal radius of the wall of the cylinder. It should be noted that, as Figs. 3 and 4 show, the
internal wall is always in contact with the cold gas.
The tangential velocity, Vθ , is assumed to follow the form of a Rankine vortex with an
axial velocity of zero. Thus,
Vz = 0 for all values of r, (6)
Vθ =
{
r for (0 ≤ r ≤ η)
η2
4r for (η ≤ r ≤ R)′
(7)
A non-dimensional cold flow angular velocity is, further, defined on the basis of laminar
flame velocity of the fuel and radius of the duct. This reads
ω∗ = u
Su
R
(8)
3.2 Model development
The current analysis builds upon Ishizuka’s original theory of flame back pressure [27].
This theory is extended to the configuration shown Fig. 3 in which flame propagates solely
circumferentially. The following vortex regions are first defined:
• burned vortex region {rc < r < rb},
• unburned forced vortex region {rb < r ≤ η′u},• unburned free vortex region {η′u < r ≤ R}.
These confined vortex regions are shown in Fig. 3, and in more details in Fig. 4. The
analysis starts by applying the conservation of mass (2) to the three separate control volumes
defined as the burned, unburned forced and unburned free vortex regions. This yields the
followings in the burned forced vortex
(u − f )(r2u − r2c ) =
ρb
ρu
(b − f )(r2b − r2c ), (9)
within the unburned forced vortex:
(u − f )(η2u − r2u) = (′u − f )(η′2u − r2b ), (10)
and in the unburned free vortex,
uη
2
u
4
ln
(
R
ηu
)
− f
2
(R2 − η2u) =
′uη′2u
4
ln
(
R
η′u
)
− f
2
(R2 − η′2u ). (11)
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The rotational velocities in these regions are then determined through using the Rankine
vortex model (6 and 7). For the regions upstream of the flame,
Vu =
{
r for (rc ≤ r ≤ ηu)
η2u
4r for (ηu ≤ r ≤ R)′
(12)
and for the regions of the flow downstream of the flame
Vb =
⎧⎨
⎩
br for (rc ≤ r ≤ rb)
′ur for (rb ≤ r ≤ η′u)
′uη′2u
4r for (η
′
u ≤ r ≤ R)
. (13)
The linear and angular flame speeds are related as follows
Vf = f r for all r. (14)
Applying Eq. 3 to the burned and unburned regions, results in an expression for the
conservation of radial momentum in the rotating coordinate. Carrying out the integrations
yields the pressure differences upstream and downstream of the flame in the rotating frame.
After some algebra it can be shown that for the unburned region
Pu(R) − Pu(rc) = ρu2u
(η2u − r2c )
2
− ρu 
2
uη
4
u
32
(
1
R2
− 1
η2u
)
+ ρu2f (R2 − r2c ), (15)
and in the burned region
Pb(R) − Pb(rc) = ρu
′2
u η
′4
u
32
(
1
R2
− 1
η′2u
)
+ ρb
2
b(r
2
b − r2c )
2
+ ρu
′2
u (η
′2
u − r2b )
2
+ρb2f (r2b − r2c ) + ρu2f (R2 − r2b ). (16)
Further, Eq. 4, the Bernoulli equation for a streamline at the wall of the cylinder (r = R)
can be written as
Pu(R) + ρu
2
uη
4
u
32R2
− ρuuf η
2
u
4
= Pb(R) + ρu
′2
u η
′2
u
32R2
− ρu
′
uf η
′2
u
4
. (17)
To make the analysis more concise, the following parameters are defined. The expansion
ratio is
r = rb
ru
, (18)
and the burning ratio is defined as,
k = ru
ηu
. (19)
Ratio of the bluff body radius to the unburned forced vortex radius upstream is termed
K ′. That is
K ′ = rc
ηu
, (20)
and the ratio of the unburned forced vortex radius upstream to the radius of the outer wall
of the cylinder, is regarded as K:
k = ηu
R
. (21)
Expansion ratio corrected for the presence of bluff-body is written as
′′r =
(rk)
2 − K ′2
k2 − K ′ , (22)
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and the density ratio is defined as,
δ = Pu
Pb
. (23)
Downstream angular velocity of the cold flow can be related to that of upstream through
applying the conservation of the radial momentum. Thus,
′u =
η2u
η′2u
u. (24)
As this equation contains the unknown parameter of η′u, the following ratio is introduced.
The ratio for the expansion of the upstream to downstream forced vortex radii, ′r , is defined
as
′r =
η′u
ηu
. (25)
Substituting Eq. 25 into Eq. 24 leads to an expression for the angular velocity of the
unburned gas downstream of the flame,
′u =
1
′2r
u. (26)
To solve for the flame angular velocity, f , Eqs. 25 and 26 are substituted into Eq. 10.
This yields,
f = u
(
r2b
′2 r
2
u
)
(η2u − η2u − η2u′2r + r2b )
. (27)
Substituting the non-dimensional ratios defined in Eqs. 18 and 19 into Eq. 10 results in
the following expression for the rotational speed of the flame,
f = uk2
[(
r
′r
)2 − 1
]
[1 − k2 − ′2r + (rk)2] . (28)
To find an expression for the burning rotational speed, b, Eqs. 22, 23 and 28 are
substituted into Eq. 9 resulting in
b = u
⎡
⎢⎢⎣
⎛
⎜⎜⎝1 − k2
[(
r
′r
)2 − 1
]
[1 − k2 − ′2r + (rk)2]
⎞
⎟⎟⎠ δ′′r + k
2
[(
r
′r
)2 − 1
]
[1 − k2 − ′2r + (rk)2]
⎤
⎥⎥⎦ . (29)
We now refer back to Eq. 25 which includes two unknowns. An approach to solving this
is to find the ratio ′r first and then use that to determine η′u. Substituting Eqs. 25 and 28 into
Eq. 11 yields,
In(′r )[1 − k2 − ′2r + (rk)2] = 2k2
[
2r −
(
r
′r
)2
− ′2r + 1
]
. (30)
The left hand side of Eq. 30 features an issue for solving for ′r as a function of k and r .
This is due to the existence of logarithmic function in this equation, which makes the ana-
lytical solution difficult. To resolve this issue a Taylor series expansion of ln′r is employed.
This provides an estimated value of ′r which in turn can be used in Eq. 25 to find η′u.
Appendix A provides the details of the polynomial coefficients from the first to fourth
order expansion of Eq. 30. Assuming that ′r takes values close but greater than one the first
few terms on this series can be considered a good approximation of ln′r .
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Substituting Eqs. 15 and 16 into Eq. 17 results in the following relation
Pu(rc) − Pb(rc) =
[
ρb
2
b(r
2
b − r2c )
2
− ρu
′2
u η
′4
u
32
(
1
R2
− 1
η′2u
) + ρu
′2
u (η
′2
u − r2b )
2
(31)
+ ρb2f (r2b − r2c ) + ρu2f (R2 − r2c ) +
ρu
′2
u η
′4
u
32R2
− ρu
′
uf η
′2
u
4
][
ρu
2
u(η
2
u − r2c )
2
ρu
2
uη
4
u
32
(
1
R2
− 1
η2u
) + ρu2f (R2 − r2c ) +
ρu
2
uη
4
u
32R2
− ρuuf η
2
u
4
]
.
Application of Eqs. 18–29 turns Eq. 32 into its non-dimensional form. That is
(P )rc
ρu2uη
2
u
=
[(
(rk)
2 − K ′2)
2δ
[
δ2
′′2r
− k2 2δ
2
′′2r
α
β
+ k2 2δ
′′r
α
β
− k4 2δ
′′2r
(
α
β
)2
+ k2 δ
2
′′2r
(
α
β
)2 + k4(α
β
)2
]
+
{[
1
32
(′2r − 1)
]
+ 1
2
[
(′2r − (rk)2)

′4
r
− (1 − K ′2)
]}
+ (rk)
2 − K ′2
2δ
k4(
α
β
)2 −
(
(rk)
2 − K ′2
)
k4(
α
β
)2
]
. (32)
In which (P )rc is the static pressure difference between the burned and unburned gases
on the surface of the bluff-body. Further,
α = ( r
′r
)2 − 1, (33)
and
β = 1 − k2 − ′2r + (rk)2. (34)
Finally, non-dimensionalising angular velocity and vortex thickness turns Eq. 33 to
(P )rc
ρuω∗2S2uK2
=
[
((rk)
2 − K ′2)
2δ
[
δ2
′′2r
− k2 2δ
2
′′2r
α
β
+ k2 2δ
′′r
α
β
− k4 2δ
′′2r
(
α
β
)2 (35)
+k4 δ
2
′′2r
(
α
β
)2 + k4(α
β
)2
]
+
{[
1
32
(′2r − 1)
]
+ 1
2
[
(′2r − (rk)2)
′4r
− (1 − K ′2)
]}
+ ((rk)
2 − K ′2)
2δ
k4(
α
β
)2 − ((rk)2 − K ′2)k4(α
β
)2
]
, (36)
Flow Turbulence Combust
Table 1 Values of the parameters used in the theoretical analysis
δ = ρu
ρb
r = rbru k = ruηu K ′ = rcηu K =
ηu
R
ω∗
7 1.5 0.6 0.5 0.2 25
where ω∗ and K are defined in Eqs. 8 and 21, respectively. The expression for the flame
angular velocity f , as shown in Eq. 28, can be expressed in terms of the non-dimensional
angular velocity by using Eq. 8. This reveals the following expression,
f =
(
ω∗Su
R
)
k2
[(
r
′r
)2 − 1
]
[
1 − k2 −  ′2r + (rk)2
] . (37)
4 Theoretical Results and Discussion
The model developed in Section 3 expresses the pressure difference across the flame and
also flame angular velocity as a function of the flow and geometrical parameters. The effects
of these parameters along with the physical behaviour of the developed solutions are dis-
cussed in this section. Unless specified otherwise, the numerical values of the parameters
used in the current analysis are those listed in Table 1. These values have been selected to
represent a typical flow configuration. The influences of the variations of these parameters
will be discussed throughout this section.
Considering the values in Table 1 and solving Eq. 31 through approximating the logarith-
mic term with the first four terms of the series expansion, yields ′r = η
′
u
ηu
≈ 1.639. Further,
the current analysis uses the non-dimensional form of the pressure difference across the
flame, the laminar flame speed and the flame angular velocity. These are defined in Table 2.
In Figs. 5, 6, 7, 8, 9, 10 and 11 Pu takes the value of the atmospheric pressure and the lami-
nar flame velocity changes from zero to its typical value for the gaseous hydrocarbons and
air mixtures (0.4ms−1).
Figure 5 shows the effects of the external tube radius and laminar flame speed upon the
pressure difference across the flame. The former has been expressed as the ratio of the cold
vortex thickness (ηu) and the tube radius (R), collectively represented by K = ηuR , and the
latter takes the non-dimensional form shown in Table 2. It is clear in Fig. 5 that the pressure
difference approaches zero in the limit of zero laminar flame speed. This is to be expected
as the pressure difference is essentially due to the changes in the centrifugal forces on the
two sides of the flame, induced by combustion [27]. Zero laminar flame speed implies no
combustion and therefore the pressure difference should disappear in this cold flow limit.
For finite values of laminar flame speed and for all the considered values of the ratio of vor-
tex thickness and tube radius, the non-dimensional pressure difference has a negative value.
Table 2 Non-dimensional groups
Non-dimensional Non-dimensional Non-dimensional flame
pressure difference laminar flame speed angular velocity
(
1
Pu
)
P =
(
1
Pu
)
(Pu − Pb)
(
ρu
Pu
)
S2u f
(
R
Su
)
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Fig. 5 Effect of the radius of the external tube on the pressure difference across the flame for varying
dimensionless flame speed
This indicates that the static pressure in the burner region is greater than that of the cold flow.
Hence, the circumferential propagation of the flame is associated with the development of
an adverse pressure gradient. This is clearly different to that observed in the axial propaga-
tion of a non-rotating premixed front, in which the static pressure drops in the burned region
Fig. 6 Effect of the bluffbody radius on the pressure difference across the flame for varying dimensionless
flame speed
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Fig. 7 Effect of variations in the expansion ratio on the pressure difference across the flame for varying
dimensionless flame speed
[15, 29]. It is noted that for all values of ηu
R
, increasing the laminar flame speed signifies
the pressure difference across the flame. Once again, this is consistent with the physical
intuition. Here, more reactive flames, propagating at higher speed, cause stronger changes
in the tangential momentum thus induce higher pressure difference across the flame. The
same qualitative behaviour has been reported previously in the axially propagating, swirling
flames [52]. Further, it is observed, in Fig. 5, that increasing ηu
R
(or decreasing the tube
radius) strengthens the pressure difference across the flame. Notably, Fig. 5 demonstrates
the strong effect of confinement upon the back pressure mechanism in the present circum-
ferential flashback. For the case with no confinement (ηu/R ∼ 0, implying large values of
R) the pressure gain remains negligibly small. Nonetheless, by increasing the confinement
(i.e. increasing ηu/R) the developed pressure difference across the flame rises quickly. This
trend is in keeping with that previously observed in the axial flashback of rotating flames
[52].
A similar behaviour is observed in Fig. 6, which shows the influence of the bluff-body
radius on the pressure difference across the flame for varying dimensionless flame speeds.
In this figure, the adverse pressure gradient increases for larger bluff-body radii. This could
be interpreted as increasing the flow confinement. As observed in Fig. 5, the more confined
system develops a larger pressure difference. Figures 5 and 6 imply that a narrow flow
passage between the tube and bluff-body can substantiate the pressure difference across
the flame. Nonetheless, as explained in Ref. [52], this is subject to maintaining all other
parameters, in Table 1, constant. It should be also stressed that the effect of changes in the
external tube radius appears to be much stronger than that due to the variations in bluff-body
radius. Further, comparing to the effects of varying the external tube radius, the changes in
the bluff-body radius has a more uniform effect on the pressure gain.
Figure 7 illustrates the sensitivity of the developed back pressure upon the expansion
ratio, r . The practical value of this parameter is not precisely known and depends on a num-
ber of parameters including the bluff-body radius, flow regime and characteristics and also
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Fig. 8 Effect of altering the upstream angular velocity on the pressure difference across the flame, for
varying dimensionless flame speed
the fuel exothermicity. This figure shows that, in general, by decreasing the expansion ratio
the pressure difference across the flame drops. The decrease in the pressure gain appears to
be non-uniform and intensifies as the expansion ratio approaches one. This behaviour is due
to the nonlinear nature of Eq. 35 with respect to r , and is also expected from the deriva-
tion of the model in Section 3.2. It is important to note that, similar to the original work of
Ishizuka [27], the current study treats the expansion and density ratios as two independent
variables. Decreasing each of these two parameters results in the weakening of the back
pressure mechanism and decreases the pressure difference across the flame.
Figure 8 demonstrates the effects of cold flow angular velocity upon the pressure dif-
ference as the laminar flame speed varies. Similar to that observed in Fig. 5 the pressure
difference vanishes in the limit of zero laminar flame speed. It is also clear from this figure
that higher angular velocities of the cold flow result in stronger pressure difference across
the flame. Angular velocity of the cold flow correlates directly with the tangential momen-
tum of the rotating cold flow. Hence, for a given density and expansion ratio and laminar
flame speed, the faster rotating flow generates a more significant change in the tangential
momentum and hence produces a larger pressure difference.
In the model developed in Section 3, only a fraction of the gas in the forced vortex burns.
A measure of this fraction is provided by the burning ratio, k ≡ ru
/
ηu . This represents
the ratio of the thickness of a layer of the cold gas which ultimately burns, to the thickness
of the forced vortex. Figure 9 shows the calculated pressure difference for a few values of
the burning ratio. It is clear in this figure that as the numerical value of k increases the
pressure gain decreases significantly (note that by definition k > K ′, as ru > rc). It is
difficult to determine the value of k from an experiment. Nonetheless, it has been observed
experimentally that the leading front of the flashbacking, swirling flames are quite thin [48].
These evidence imply that most probably ru remains close to the radius of the bluff-body
and therefore, in reality, the values of k and K ′ are expected to be close to each other.
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Fig. 9 Effect of altering the burning ratio on the pressure difference across the flame, for varying
dimensionless flame speed
It has been shown in previous studies [27, 52] that in a swirling arrangement flame
displacement velocity can go through significant changes. Figures 10 and 11 show the
modifications of the flame angular, displacement velocity with variations in laminar flame
speed, cold flow angular velocity (Fig. 10) and the expansion ratio (Fig. 11). The negative
value of the displacement velocity in these figures is the result of the propagation direc-
tion considered in Fig. 4 and, is in agreement with the original theory of Ishizuka [27]
and its later extension [52]. Both of these figures show that, expectedly, in the limit of
zero laminar flame speed the angular flame velocity approaches zero. Further, displace-
ment angular velocity appears to correlate with the laminar flame speed. Furthermore,
faster cold flows in Fig. 10 and larger expansion ratios in Fig. 11 result in higher angu-
lar displacement velocities. The latter is consistent with the discussion on Fig. 7. The back
pressure effects, including the pressure difference and enhancement of the flame displace-
ment speed, are sensitive to expansion ratio and are, generally, signified by increasing this
parameter.
It is interesting to note that the qualitative behaviours in Figs. 5, 6, 7, 8, 9, 10 and 11
are in total agreement with those in the corresponding case of axially propagating swirling
flame [52]. This similarity seems plausible as the fundamental mechanism of back pressure
and flame displacement enhancing are the same in these two different cases. The propaga-
tion direction determines the direction of the momentum flow across the flame. However,
since in both axial and circumferential configurations the flame propagates against the cold
flow, it features the same mechanism of pressure gain. That is to maintain the flow rota-
tion, the light hot gas downstream of the reactive front demands a smaller centrifugal force
compared to the heavy, cold gas upstream of the flame. As explained by Ishizuka [27], this
causes a positive pressure gradient across the flame. It is, further, worth noting that, although
not shown here, the observed qualitative trends are independent of the choice of the vortex
model. The most important feature of the back pressure effect is the change in the momen-
tum flow due to radical density jumps across a swirling flame [27]. Hence, provided that the
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Fig. 10 The effect of changing the upstream angular velocity on the flames angular velocity for varying
dimensionless flame speed
density changes and the total circumferential momentum in the burnt and unburnt regions
remain unchanged, any vortex model is expected to result in the pressure changes similar to
those calculated here.
An inspection of Figs. 5, 6, 7, 8, 9, 10 and 11 reveals that for a stoichiometric air and
methane mixture and configuration similar to the experimental setup (Fig. 1) the theory
predicts a pressure gain of order 10 Pa. This is within the same order of magnitude as
the experimentally measured pressure gain shown in Fig. 2. The previous theoretical anal-
ysis on a purely axially propagating, rotational flame, also predicted the same order of
magnitude for the pressure gain across the flame [52]. It is important to note that the exper-
imentally observed flame flashback includes both axial and circumferential propagation of
the flame. The premixed turbulent flame in the experiment features a swirl number close to
unity. Hence, as supported by the theoretical results, the axial and circumferential effects
are expected to have comparable significance. As discussed previously [52], given the rel-
ative simplicity of the theory and sophistication of the real reactive flow, the similarities
between the theoretical predictions and experiment is striking. In particular, the presence of
the strongly turbulent flow is anticipated to make a significant distinction between the mea-
sured values and the predictions of the current laminar theory. Nevertheless, the observed
agreement between the theory and experiment strengthens the speculation that the leading
propagation front, in the experiment, could be in laminar regime. It is important to note
that direct numerical simulations, in other configurations, have confirmed the closeness of
the leading flashback front to the wall [21]. However, currently, there exist limited experi-
mental and numerical data on the state of the boundary layer in this configuration [48, 49].
These data are insufficient to clarify the regime of the boundary layer ahead of the flame.
Nonetheless, they indicate the existence of a thickened or separated boundary layer ahead
of the flashbacking front [48, 49].
Flow Turbulence Combust
Fig. 11 Effect of variations in expansion ratio on the flames angular velocity for varying dimensionless
flame speed
A comprehensive explanation of flame flashback in the configuration shown in Fig. 1 is
yet to be developed. In the meantime, experimental [48] and numerical studies [49] indi-
cate that there are, at least, two routes to flashback in this system. First, vorticity generation,
primarily by baroclinic torque, forms a recirculation zone and induces a negative velocity
ahead of the flame [49]. Second, the boundary layer on the surface of the bluff-body goes
through a thickening or separation process and the flame propagates upstream in the gener-
ated low velocity region [48]. The first route has been also observed in other configurations
[39]. The relative significance of these two is, currently, unclear. Nonetheless, regardless of
this uncertainty about the mechanism of flashback, the back pressure can have important
effects in the series events constituting flame flashback. The positive pressure gradient can
significantly influence the baroclinic torque and therefore affect the induction of negative
velocity. This has been already regarded as the physical mechanism for production of the
recirculation zone ahead of the flame [49]. Further, formation of an axial adverse pressure
gradient was noted in the work of Heeger et al. [48] as the element of reactive flow which
drives the boundary layer towards separation. Most importantly, the arguments in both of
these studies [48, 49] remained mostly heuristic and lacked a rigorous theoretical treatment.
The current analysis and results, along with the previous ones on axial propagation [52],
provide an insight into the physics of pressure gain across the flame. As stated earlier, this
is the main aim of this work.
Finally, it is important to note that in order to make a more comprehensive theory the
results of the circumferential and axial analyses cannot be merely added to each other. This
is due to the fact that none of these are linear. These theories are only meant to describe
parts of the physical mechanisms active during the upstream flame propagation. Extension
of the current theoretical analysis to the cases including both circumferential and axial flame
propagation is an outstanding future task.
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5 Conclusions
Upstream circumferential propagation of a premixed, laminar flame was analysed theoret-
ically. Through extension of the original theory of flame back pressure [27], an analytical
model was developed to predict the generation of adverse pressure gradient across the flame.
Enhancement of flame displacement velocities was also calculated. It was argued that the
change of centrifugal forces on the two sides of the flame is responsible for the pressure
gain in the circumferentially propagating flame. This mechanism is on the basis of the back
pressure theory [27] and remains essentially indifferent by changing the propagation direc-
tion from axial to circumferential. The results were in agreement with an earlier extension of
the original theory, which considers axial propagation of a rotating flame [52]. More impor-
tantly, they were consistent with the experimental measurements of the pressure across the
flame. These confirmed that in reality the developed flame back pressure features contribu-
tions from both axial and circumferential propagations. The relative significance of these
two is expected to depend upon the flow swirl number. For those swirl numbers pertinent to
practical flashbacking flames they appeared to be of similar importance. It was argued that
the developed adverse pressure gradient can affect the boundary layer on the surface of the
bluff-body and thicken or possibly separate that. Further, the higher pressure in the burned
gas may contribute with the baroclinic torque and strengthen the vorticity generation which
in turn leads to the production of negative velocity.
In interpreting the results of this study, it is essential to note that the emerging physical
picture of flame flashback, in general, appears to be immensely complicated [21, 44]. Multi-
ple physical processes, including vorticity generation [38-43, 49], aerodynamically induced
back pressure [27, 28, 44], flame wall interactions [16–21], coherent structures [47, 48],
flame stretch and heat release fluctuations [42, 45] have been identified as highly influential
effects. The configuration analysed in the experimental part of this paper, features flashback
in the core flow and also involves strong flame wall interaction [47, 48, 51]. It is, therefore,
unlikely that a single mechanism can be regarded as the driving force of flashback in this
configuration. The observed flashback is, most probably, the net result of multiple, inter-
acting mechanisms. Hence, an ultimate understanding of the observed flashback is subject
to understanding all the influential effects. The current theoretical results showed that, as
speculated previously [48, 49], there exists a pressure force which can significantly affect
the flow field and flame flashback. Indeed, the interactions of the detected adverse pressure
gradient with the reactive flow may lead to more complex processes, which remain to be
analysed in future.
Nomenclature
i Imaginary number ≡ √−1
k Burning ratio ≡ ru
ηu
l Length of combustor
n Normal unit vector
r Radial coordinate
rb Radius of burned mixture downstream of the flame (m)
rc Radius of the bluff body (m)
ru Radius of the unburned mixture downstream of the flame that later burns in the
flame (m)
u Velocity (m/s)
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A Area (m2)
K Radius of the forced vortex core upstream of the flame to the radius of the
cylindrical tube ≡ ηu
R
K ′ Ratio of the radius of the bluff body to the radius of the forced vortex core
upstream of the flame ≡ rc
ηu
P Pressure (Pa)
Pb Pressure in the burned region (Pa)
Pb(r) Downstream pressure measured at the radial distance r (Pa)
Pu Pressure in the unburned region (Pa)
Pu(r) Upstream pressure measured at the radial distance r (Pa)
R Radius of the cylindrical tube (combustor radius) (m)
Su Laminar burning velocity (m/s)
S∗u Non-dimensional laminar burning velocity (m/s)
T Temperature (K)
V Velocity vector (m/s)
Vb Axial velocity of the burned mixture downstream of the flame in the forced
vortex core (m/s)
Vf Flame velocity (m/s)
Vr Relative velocity (m/s)
Vu Axial velocity of unburned mixture upstream of the flame (m/s)
Vz Axial velocity (m/s)
Vθ Tangential velocity (m/s)
Vθmax Maximum tangential velocity (m/s)
Vθr Circumferential velocity in the rotating coordinate (m/s)
α Constant to simplify Eq.33
β Constant to simplify Eq.34
δ Density ratio
P Change in pressure (Pa)
Pb Pressure change downstream of the flame (Pa)
Pu Pressure change upstream of the flame (Pa)
(P )r=rc Pressure difference across the flame at the wall of the bluff body (Pa)
r Expansion ratio ≡ rb/ru
′r Ratio of the downstream to upstream forced vortex radii ≡ η′u/ηu
′r Expansion ratio amended for the presence of the bluff body
ηu Radius of the forced vortex core upstream of the flame (m)
η′u Radius of the forced vortex core downstream of the flame (m)
μ Viscosity kg/(s.m)
ρ Density (kg/m3)
ρb Density of the burned gas (kg/m3)
ρu Density of the unburned gas (kg/m3)
ϕ Equivalence ratio
ω∗ Non-dimensional upstream angular velocity
 Angular velocity (1/s)
b Angular velocity of the burned mixture downstream of the flame (1/s)
u Angular velocity of the unburned mixture upstream of the flame (1/s)
′u Angular velocity of the unburned mixture downstream of the flame (1/s)
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Appendix A: Series expansion
Expanding the expression ln
(

′
r
)
to the orders on the right hand side of Eq. A-1 provides a
systematically more accurate value for ’r . These are presented in the followings. It is known
that [53]
ln (x) =
∞∑
n=1
(−1)n (x − 1)n
n
= (x − 1) − (x − 1)
2
2
+ (x − 1)
3
3
− (x − 1)
4
4
(A-1)
Expansion of order 1
ln
(
′r
) = (′r − 1)
(
′r − 1
) [
1 − k2 − ′2r + (rk)2
]
= 2k2
[
2r −
(
r
′r
)2
− ′2r + 1
]
Expanding the brackets and multiplying by 
′2
r to cancel of the quadratic denominator on
the right hand side of the equation produces:
′5r (−1) + ′4r
(
1 + 2k2
)
+ ′3r
(
1 − k2 + (rk)2
)
+ ′2r
(
−1 − k2 + (rk)2
)
+′1r (0) + ′0r
(
2 (rk)
2
)
= 0 (A-2)
Expansion of order 2,
ln
(
′r
) = (′r − 1) −
(
′r − 1
)2
2
=
(
4′r − 3 − ′2r
)
2(
4′r − 3 − ′2r
) [
1 − k2 − ′2r + (rk)2
]
= 4k2
[
2r −
(
r
′r
)2
− ′2r + 1
]
By means of the same procedure
′6r (1) + ′5r (−1) + ′4r
(
2 + 5k2 − (rk)2
)
+ ′3r
(
4 − 4k2 + (rk)2
)
+′2r
(
−3 − k2 − 7 (rk)2
)
+ ′1r (0) + ′0r
(
4 (rk)
2
)
= 0 (A-3)
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Expansion of order 3:
ln
(
′r
) = (′r − 1) −
(
′r − 1
)2
2
+
(
′r − 1
)3
3
= 2
′3
r − 9′2r + 18′r − 11
6
,
(
2′3r − 9′2r + 18′r − 11
) [
1 − k2 − ′2r + (rk)2
]
= 12k2
[
2r −
(
r
′r
)2
− ′2r + 1
]
.
′7r (−2) + ′6r (9) + ′5r
(
−16 − k2 + 2 (rk)2
)
+ ′4r
(
2 + 21k2
− 9 (rk)2
)
+ ′3r
(
18 − 18k2 + 18 (rk)2
)
+ ′2r
(
−11 − k2
− 23 (rk)2
)
+ ′1r (0) + ′0r
(
12 (rk)
2
)
= 0 (A-4)
Expansion of order 4:
ln
(
′r
) = (′r − 1) −
(
′r − 1
)2
2
+
(
′r − 1
)3
3
−
(
′r − 1
)4
4
= 3
′4
r − 8′3r + 24′r − 19
12
,
(
3′4r − 8′3r + 24′r − 19
) [
1 − k2 − ′2r + (rk)2
]
= 24k2
[
2r −
(
r

′
r
)2
− ′2r + 1
]
.
′8r (−3) + ′7r (8) + ′6r
(
3 − 3k2 + 3 (rk)2
)
+ ′5r
(
−32 + 8k2 − 8 (rk)2
)
+′4r
(
19 + 24k2
)
+ ′3r
(
24 − 24k2 + 24 (rk)2
)
+′2r
(
−19 − 5k2 − 43 (rk)2
)
+  ′1r (0) + ′0r
(
24k2
)
= 0. (A-5)
To find an accurate approximation for ′r the roots of the fourth order polynomial (A-5)
are found numerically.
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